We determine the admissible forms for the Ricci operator of three-dimensional locally homogeneous Lorentzian manifolds.
In particular, at each point ∈ M there exists a pseudo-orthonormal basis { 1 2 3 }, with 3 timelike, such that Q takes one of the following canonical forms: When (M ) is locally homogeneous (or, more in general, curvature homogeneous), Q has the same Segre type at any point ∈ M and has constant eigenvalues. With respect to an arbitrary pseudo-orthonormal basis, the form of the Ricci operator is in general more complicated than in (1), but clearly its Segre type is an intrinsic property which does not depend on the particular basis. In [6] , adapting the argument developped by the second author and F. Prüfer in [12] , the first author considered pseudo-Riemannian 3-manifolds with diagonalizable Ricci operator and constant distinct principal Ricci curvatures, and constructed explicitly both homogeneous and nonhomogeneous pseudo-Riemannian metrics in R 3 , having the prescribed admissible principal Ricci curvatures. In [7] , he constructed locally homogeneous Lorentzian metrics on R 3 having admissible Ricci operators of non-diagonalizable Segre type. Because of these results, and in the perspective of studying curvature homogeneous Lorentzian manifolds which are not locally homogeneous, it is a natural question to ask which Segre types, and under which restrictions, occur for the Ricci operator of a locally homogeneous Lorentzian 3-manifold. The aim of this paper is to answer the question above. As the first author proved in [4] , a locally homogeneous Lorentzian 3-manifold is either locally symmetric or locally isometric to some three-dimensional Lie group equipped with a leftinvariant Lorentzian metric. Because of this result, the problem essentially reduces to determining precisely which Segre types occur for all three-dimensional Lorentzian Lie groups and all Lorentzian symmetric 3-spaces. The corresponding study in the Riemannian framework was made by the second author and S. Nikčević in [11] , where the range of all real triplets occurring as Ricci eigenvalues of a locally homogeneous Riemannian 3-space was determined. The paper is organized in the following way. In Section 2, we collect some basic facts concerning three-dimensional locally homogeneous Lorentzian manifolds and their curvature. In Sections 3 and 4 we respectively deal with the classification of the Ricci operators for three-dimensional Lorentzian Lie groups and symmetric spaces. In Section 5 we draw the conclusions for the Ricci operator of a three-dimensional locally homogeneous Lorentzian manifold, treating separately the non-diagonalizable and diagonalizable cases and considering the latter for both Riemannian and Lorentzian manifolds.
Three-dimensional homogeneous Lorentzian manifolds
Let (M ) be a three-dimensional Lorentzian manifold, with the Lorentzian metric of signature (+ + −). We denote by ∇ its Levi Civita connection and by R its curvature tensor, taken with the sign convention
The curvature of (M ) is completely determined by the Ricci tensor defined, for any point ∈ M and X Y ∈ T M, by
where { 1 2 3 } is a pseudo-orthonormal basis of T M and ε = ( ) = ±1 for all . Throughout the paper, if not stated otherwise, we shall assume that 3 is timelike, that is, ε 1 = ε 2 = −ε 3 = 1. The following characterization result was recently proved by the first author:
Theorem 2.1 ([4]).

Let (M ) be a three-dimensional connected, simply connected, complete homogeneous Lorentzian manifold. Then, either (M ) is symmetric, or it is isometric to a three-dimensional Lie group equipped with a left-invariant Lorentzian metric.
In particular, by Theorem 2.1 it follows that any locally homogeneous Lorentzian 3-space is either locally symmetric or locally isometric to a three-dimensional Lorentzian Lie group. Using Theorem 2.1 and previous works by S. Rahmani [16] and Cordero and Parker [9] , the following classification result is obtained: 
Theorem 2.2 ([4]).
Let
In this case,
The following Table 1 lists all the Lie groups G which admit a Lie algebra 3 , taking into account the different possibilities for α, β and γ:
The following Table 2 describes all Lie groups G admitting a Lie algebra 4 : Table 1 . Table 2 . Remark 2.1.
In the list given in Theorem 2.2, we did not include the case when there exists a linear mapping from g to R, such that
for all ∈ g. This case was already investigated by Nomizu [15] , who proved that any Lorentzian metric on a Lie group G, whose Lie algebra satisfies (11) , has constant sectional curvature, and this constant can be any real number (see Theorem 1 of [15] ). In particular, G is symmetric. So, this possibility is included in the symmetric case of Theorems 2.1 and 2.2.
Next, a three-dimensional Lorentzian manifold (M ) is locally symmetric if and only if it has a parallel Ricci tensor. In [4] , the first author completely classified three-dimensional Lorentzian symmetric spaces, showing that besides Lorentzian space forms and the product between a real line and a pseudo-Riemannian surface of constant Gaussian curvature, the only possible case is the one of a Lorentzian manifold admitting a parallel null vector field. Locally symmetric Lorentzian 3-spaces having a parallel null vector field were described in [8] . They admit local coordinates ( ) such that, with respect to the local frame field {(
)}, the Lorentzian metric and the Ricci operator are given by
where
for any constant α ∈ R and any functions β ξ (see Theorem 6 of [8] ).
Therefore, the following classification result holds:
Theorem 2.3 ([4]).
A connected, simply connected three-dimensional Lorentzian symmetric space (M ) is either
iii) a space with a Lorentzian metric described by (12)-(13).
Three-dimensional Lorentzian Lie groups
For each of the different Lorentzian Lie groups listed in Theorem 2.2, we now determine the possible forms of the Ricci operator and how they permit to describe the structure constants of the Lie group itself. The curvature of all three-dimensional Lorentzian Lie groups was described in [5] . In particular, for all Lie algebras g 1 − g 7 , the Ricci components ( ) with respect to the pseudo-orthonormal frame field for which (4)- (10) 
While in the Riemannian case L is always diagonalizable and this leads to the classification given in [13] , if is Lorentzian then L can be of each of the four different Segre types, and this led in [16] to the classification of unimodular Lorentzian Lie algebras (g 1 ) − (g 4 ). Another remarkable difference between the Riemannian and Lorentzian case is given by the fact that in the Riemannian one, an orthonormal basis of g, diagonalizing L, also diagonalizes the Ricci operator [11, 13] . However, as we shall see, in the Lorentzian case, different Segre types for the Ricci operator occur for the same Segre type of L, making the classification harder but also more interesting.
(g 1 ): Let (M = G ) be a three-dimensional Lorentzian Lie group having Lie algebra g 1 and { } the pseudo-orthonormal basis used in (4). The components ( ) of the Ricci operator with respect to { } are given by:
In the sequel, by "a three-dimensional Lorentzian Lie group (G g )" we shall mean a three-dimensional Lie group G, equipped with a left-invariant Lorentzian metric and having Lie algebra g . We can now prove the following Theorem 3.1.
A three-dimensional unimodular Lorentzian Lie group (G g 1 ) with Ricci operator Q exists if and only if (i) either Q has a triple eigenvalue λ 1 < 0 and the one-dimensional eigenspace (thus Q is of Segre type {3}), or (ii) Q has the triple eigenvalue λ 1 = 0 and the two-dimensional eigenspace (thus it is of degenerate Segre type {21}).
Proof. Here α = 0 is always satisfied. If also β = 0 in (14), then we see easily that the Ricci operator Q has a triple eigenvalue λ 1 = − β 2 2 < 0 and the one-dimensional eigenspace. Hence, Q is of Segre type {3}. If β = 0, then Q has the triple eigenvalue λ 1 = 0 and the two-dimensional eigenpace; hence it is of degenerate Segre type {21}. To prove the converse, let R 
Now, (15) uniquely determines a Lorentzian Lie group (G g 1 ), the one described by (4) with the structure constants
Taking α β as given by (16) and comparing (15) with (14), we conclude that ( ) are the components of the Ricci operator of this Lorentzian Lie group with respect to the pseudo-orthonormal frame field { } for which (4) holds. Next, if (i) holds, then (1) implies that with respect to a suitable pseudo-orthonormal basis { } of R 3 1 , Q is represented by the matrix
Taking into account λ 1 < 0, from { } we now build a new pseudo-orthonormal basis, namely, 
From (17) and (18) it follows that the components of Q with respect to { } are given by
Comparing (14) with (19), we can conclude that Q is the Ricci operator of a Lorentzian Lie group (G g 1 ), the one described by (4) with the structure constants
As showed in the proof of Theorem (3.1), the Ricci operator Q of a Lorentzian Lie group (G g 1 ) does not always takes the canonical form (1) with respect to the pseudo-orthonormal frame field { } for which (4) holds. For this reason, a change of the pseudo-orthonormal frame field is needed in order to write Q in the canonical form. We shall see that this also occurs for the non-diagonalizable cases of Lie algebra g 4 , while in all the remaining cases, pseudo-orthonormal frames used to describe the Lie algebras are just those for which the Ricci operator takes its canonical form.
(g 2 ): Given a three-dimensional Lorentzian Lie group (M = G ), having Lie algebra g 2 , the components of the Ricci operator with respect to the pseudo-orthonormal basis { } for which (5) holds, are:
We then have the following Proof. We always have γ = 0. According to (20), the first Ricci eigenvalue is
For the other Ricci roots, the discriminant of the quadratic characteristic equation is −4γ 2 (α − 2β) 2 ≤ 0. Therefore, if α = 2β, then we have two complex conjugates eigenvalues and Q is of Segre type {1 ¯ }. For α = 2β we get a zero block submatrix in (20) and a double Ricci root λ 2 = λ 3 = 0. Hence, Q is of degenerate Segre type {11 1}. and so, Q is the Ricci operator of some Lorentzian Lie group (G g 2 ): the one described by (5) with the structure constants
and ( ) are the components of the Ricci operator of such Lorentzian Lie group with respect to the pseudo-orthonormal frame field { } for which (5) holds. Next, if (ii) holds, then, with respect to a suitable pseudo-orthonormal basis, Q is diagonal with eigenvalues λ 1 < 0 and λ 2 = λ 3 = 0. Then, Q is the Ricci operator of the Lorentzian Lie group (G g 2 ), described by (5) with the structure constants
and Q takes the diagonal form with respect to the pseudo-orthonormal frame field { } for which (5) holds. 
are the only possibly non-vanishing components of the Levi Civita connection (we refer to [5, 6] for more details). Notice that structure constants α β γ uniquely determine A B C and conversely, by the Koszul formula [14] it follows Proof. By (21) it follows at once that λ 1 λ 2 λ 3 ≤ 0, and λ 1 λ 2 λ 3 = 0 if and only if at least one of the numbers A B C vanishes and so, at least two Ricci eigenvalues are zero. 1 → R be a linear operator of Segre type {11 1}, whose eigenvalues satisfy either (i) or (ii). If (i) holds, then Q is the Ricci operator of a Lorentzian Lie group (G g 3 ), namely that described by (6) with the structure constants α β γ uniquely determined (up to a sign) by (23), where
Next, assume that (ii) holds. If λ = 0 for all , then Q is the Ricci operator of any three-dimensional Lorentzian Lie group (G g 3 ) for which at least two among A, B and C are zero, (for example, the one-parameter family of Lorentzian Lie groups (G g 3 ) determined by α − β = γ = 0). As concerns the remaining cases, we describe in detail the case λ 1 = λ 2 = 0 = λ 3 , the other cases are treated very similarly. By (21), we have C = 0 = AB. Then, Q is the Ricci operator of any three-dimensional Lorentzian Lie group (G g 3 ) determined by the structure constants
for any α = 0.
(g 4 ):
Let (M = G ) be a three-dimensional Lorentzian Lie group, with Lie algebra g 4 . The components of Q with respect to the pseudo-orthonormal basis { } for which (7) holds, are given by:
We now prove the following . Hence, if λ 1 < 0, then λ 2 = λ 3 can take any real value different from zero, while λ 1 = 0 necessarily implies λ 2 = λ 3 = 0. This gives cases (i) and (ii), respectively. If α = 2(β − η), then we have a zero block submatrix in (24) and Ricci roots λ 1 ≤ 0 and λ 2 = λ 3 = 0. Hence, Q is of degenerate Segre type {11 1}. Conversely, let Q : R 3 1 → R be a linear operator, satisfying either (i), (ii) or (iii). If (iii) holds, then, with respect to a suitable pseudo-orthonormal basis, Q is diagonal, with eigenvalues λ 1 < 0 and λ 2 = λ 3 = 0. Hence, Q is the Ricci operator of the Lorentzian Lie group (G g 4 ), described by (7) with the structure constants
Theorem 3.4.
A three-dimensional unimodular Lorentzian Lie group (G g 4 ) with Ricci operator Q exists if and only if (i) either
Next, suppose that either (i) or (ii) hold. Then, with respect to a suitable pseudo-orthonormal basis { } of R 
where λ 2 = + ε. In particular, if (ii) holds, then λ 1 = λ 2 = λ 3 = 0. Comparing (24) with (25) we can conclude that Q is the Ricci operator of the Lorentzian Lie group (G g 4 ), described by (5) with the structure constants
and ( ) are the components of the Ricci operator of such Lorentzian Lie group with respect to the pseudo-orthonormal frame field { } for which (7) holds. So, we are left with the case (i), that is, λ 1 < 0 = λ 2 = λ 3 . We first note that, for any fixed real number = 0, there exists a new pseudo-orthonormal basis { } of R 3 , with respect to which the components of Q are given by
In fact, it suffices to put
and the conclusion follows at once. Comparing now (24) and (26), we obtain that Q is the Ricci operator of some Lorentzian Lie group (G g 4 ): the one described by (5) with the structure constants
So, ( ) are the components of the Ricci operator of this Lorentzian Lie group with respect to the pseudo-orthonormal frame field { } for which (7) holds Non-unimodular Lorentzian Lie groups. Let G be a three-dimensional Lie group, equipped with a left-invariant pseudoRiemannian metric and having a non-unimodular Lie algebra g which does not satisfy (11) . We denote by the (two-dimensional) unimodular kernel of g, defined by
= Ker{tr ad : g → R}
In the Riemannian case, one can choose an orthonormal basis { 1 2 3 } of g, such that 1 is orthogonal to and [ 1 2 ], [ 1 3 ] are mutually orthogonal. The classification obtained in [13] then follows. In the Lorentzian case, is either spacelike, or timelike, or a null plane [9] , and these different possibilities, expressed in terms of a suitable pseudo-orthonormal basis of g, lead to the classification of non-unimodular Lorentzian Lie algebras (g 5 ) − (g 7 ). We now characterize the Ricci operator of each of these Lie groups.
(g 5 ):
If (M = G ) is a three-dimensional Lorentzian Lie group having Lie algebra g 5 , then by (8) we get that the components of the Ricci operator Q are 
Proof. Following the same argument developped in [11] by the second author and S.Ž. Nikčević, we pass from the pseudo-orthonormal basis { } for which (8) holds, to a pseudo-orthogonal basis { }, normalized in such a way that α + δ = 2. Then, taking into account αγ + βδ = 0, by (27) it follows that there exist two real constants ξ, θ, such that
If λ 1 = λ 2 , then ξ = 0 and so, (i) holds. In the sequel, we shall assume λ 1 = λ 2 . Summing up the first two equations in (28), we have 2 (λ 1 + λ 2 ) = 4, that is,
In particular, λ 1 + λ 2 > 0. Taking into account (29), if we substract the first equation in (28) by the second one, we find
and, using (29) and (30) in the third equation of (28), we easily conclude that
Now, since 0 < 1 1+θ 2 ≤ 1 and λ 1 + λ 2 > 0, by (31) it follows the second condition in (ii). In order to prove the converse, it suffices to reverse the process. In fact, suppose that λ 1 λ 2 λ 3 satisfy either (i) or (ii). If (i) holds, then λ are the Ricci eigenvalues of any Lorentzian Lie group (G g 5 ) determined with respect to { } by ξ = 0, for any real value of θ. Next, if (ii) holds, then λ are the Ricci eigenvalues of the Lorentzian Lie group (G g 5 ) determined with respect to { } by ξ and θ, given by (30) and (31) respectively.
(g 6 ):
For (M = G ), three-dimensional Lorentzian Lie group having Lie algebra g 6 , (9) yields that the components of Q are
and so, Q is of Segre type {11 1}. We can prove the following Theorem 3.6.
A three-dimensional non-unimodular Lorentzian Lie group (G g 6 ) with Ricci operator Q exists if and only if Q is of
Segre type {11 1} and its eigenvalues λ 1 ,λ 2 ,λ 3 satisfy:
Proof. Proceeding as in the proof of Theorem 3.5, we pass from the pseudo-orthonormal basis { } for which (9) holds, to a pseudo-orthogonal basis { }, normalized in such a way that α + δ = 2. By αγ − βδ = 0, we get that there exist two real constants ξ, θ, such that
2 ) = 0 and so, (i) holds. In the sequel, we shall assume λ 2 = λ 3 , that is, ξ(1 − θ 2 ) = 0. Summing up the last two equations in (33), we obtain 2 (λ 2 + λ 3 ) = −4, that is,
In particular, λ 2 + λ 3 < 0. By (34) and substracting the third equation in (33) by the second one, we find
Finally, using (34) and (35) in the third equation of (33), we get
that is,
Now, equation (36) admits real solutions if and only if 
with αγ = 0 and α + δ = 0. We now prove the following Proof. By (38) 
where we took into account the fact that, for the canonical form of Segre type {21} given in (1), the Ricci eigenvalues are given by λ 1 = and λ 2 = + ε. If (i) holds, then λ 1 < 0. By (39) it then follows that Q is the Ricci operator of any Lorentzian Lie group (G g 7 ) described by (10) and whose structure constants satisfy equations
Next, if (ii) holds, then λ 1 = 0 and Q is the Ricci operator of all Lorentzian Lie group (G g 7 ) described by (10), whose structure constants satisfy α + δ = 0 and
Lorentzian symmetric 3-spaces
We now describe the Ricci operator of all Lorentzian symmetric 3-spaces. As the first author already proved in [4] in order to obtain the classification Theorem 2. • = = . Then, M is locally isometric to either S 2 × R or H 2 × R.
• = = . Then, M is locally isometric to either R × S 
We are now ready to combine both Proof. By Proposition 5.1 of [11] it follows that, if λ 1 λ 2 λ 3 > 0, then λ are the Ricci eigenvalues of a three-dimensional locally homogeneous Riemannian manifold. This result, together with cases (i),(ii) of Proposition 5.1 above, ensures the existence of a locally homogeneous pseudo-Riemannian 3-manifold with diagonalizable Ricci operator and Ricci eigenvalues λ , whenever either all λ are different from zero or at least two of them are zero. Therefore, we are left with the case when exactly one of λ is zero. We now discuss separately the different possible signatures of the Ricci form with one zero eigenvalue. If the Ricci form has signature (− − 0), then we can assume λ 1 ≤ λ 2 < 0 = λ 3 . Then the first and third inequalities of (41) hold and the conditions (iv) of Proposition 5.1 are fulfilled. When the Ricci form has signature (+ − 0), by a re-numeration we can take λ 1 < 0, λ 2 = 0 and λ 3 > 0. Then, the first and third inequalities of (41) hold and so, the conditions (iv) of Proposition 5.1 are fulfilled. Suppose now that the Ricci form has signature (+ + 0). By Theorem 5.2 of [11] it follows that in the Riemannian case, the Ricci form has this signature only when the positive Ricci eigenvalues coincide. In Proposition 5.1, conditions (i) and (ii) do not add other possibilities. Moreover, conditions (iv) are not fulfilled, because they require at least one eigenvalue to be negative. As concerns (iii), it is easyly seen that signature (+ + 0) only can occur when either λ 1 or λ 2 is zero. Thus, without loss of generality, we can assume that λ are re-numerated in such a way that λ 1 = 0, λ 2 > 0 and λ 3 > 0 and so, (40) reduces to (43).
Remark 5.1.
In the Riemannian case, several papers have been devoted to the construction of curvature homogeneous, nonhomogeneous 3-manifolds with prescribed Ricci eigenvalues (see for example [10] , [12] ). Curvature homogeneous, nonhomogeneous Lorentzian manifolds with Ricci tensor of Segre type {11 1}, respectively degenerate and nondegenerate, were constructed in [1] and [6] . Up to our knowledge, the only non-diagonal case to be treated in so far has been the one of a Ricci operator of degenerate Segre type {21} in [2] . Theorems 5.1 now provides necessary and sufficient conditions for the existence of a locally homogeneous pseudoRiemannian 3-manifold (M ) with Ricci operator of a specified non-diagonal Segre type. This makes particularly interesting to provide explicit examples of curvature homogeneous Lorentzian three-manifolds for the different prescribed Segre types of the Ricci operator, when conditions listed in Theorem 5.1 are not fulfilled.
